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Abstrat
The lassial denition of Prym varieties deals with the unramied
overs of urves. The aim of the present paper is to give expliit alge-
brai desriptions of the Prym varieties assoiated to ramied double
overs of algebrai urves. We make a areful study of the onnetion
with the onept of algebrai ompletely integrable systems and we
apply the methods to some problems of Mathematial Physis.
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1 Introdution
During the last deades, algebrai geometry has beome a tool for solving
dierential equations and spetral questions of mehanis and mathematial
physis. The present paper onsists of two separate but related topis : the
rst part purely algebrai-geometri, the seond one on Prym varieties in
algebrai integrability.
Prym variety Pr ym(C/C0) is a subabelian variety of the jaobian variety
Jac(C) = Pic0(C),
= H1(OC)/H
1(C,Z),
onstruted from a double over C of a urve C0: if σ is the involution on C
interhanging sheets, then σ extends by linearity to a map
σ : Jac(C) −→ Jac(C).
Up to some points of order two, Jac(C) splits into an even part and an odd
part : the even part is Jac(C0) and the odd part is a Prym(C/C0). The las-
sial denition of Prym varieties deals with the unramied double overing
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of urves and was introdued by W. Shottky and H. W. E. Jung in relation
with the Shottky problem [6℄ of haraterizing jaobian varieties among all
prinipally polarized abelian varieties (an abelian variety is a omplex torus
that an be embedded into projetive spae). The theory of Prym varieties
was dormant for a long time, until revived by D. Mumford around 1970. It
now plays a substantial role in some ontemporary theories, for example in-
tegrable systems [1,2,5,8,10,14,15,17℄, the Kadomtsev-Petviashvili equation(
KP equation), in the deformation theory of two-dimensional Shrödinger op-
erators [19℄, in relation to Calabi-Yau three-folds and string theory, in the
study of the generalized theta divisors on the moduli spaes of stable vetor
bundles over an algebrai urve [7,11℄,...
Integrable hamiltonian systems are nonlinear ordinary dierential equa-
tions desribed by a hamiltonian funtion and possessing suiently many
independent onstants of motion in involution. By the Arnold-Liouville the-
orem [4,16℄, the regular ompat level manifolds dened by the intersetion
of the onstants of motion are dieomorphi to a real torus on whih the
motion is quasi-periodi as a onsequene of the following dierential geo-
metri fat; a ompat and onneted n-dimensional manifold on whih there
exist n vetor elds whih ommute and are independent at every point is
dieomorphi to an n-dimensional real torus and eah vetor eld will dene
a linear ow there. A dynamial system is algebrai ompletely integrable
(in the sense of Adler-van Moerbeke [1℄) if it an be linearized on a omplex
algebrai torus C
n/lattice (=abelian variety). The invariants (often alled
rst integrals or onstants) of the motion are polynomials and the phase
spae oordinates (or some algebrai funtions of these) restrited to a om-
plex invariant variety dened by putting these invariants equals to generi
onstants, are meromorphi funtions on an abelian variety. Moreover, in
the oordinates of this abelian variety, the ows (run with omplex time)
generated by the onstants of the motion are straight lines.
One of the remarkable developments in reent mathematis is the inter-
play between algebrai ompletely integrable systems and Prym varieties.
The period of these Prym varieties provide the exat periods of the motion
in terms of expliit abelian integrals. The aim of the rst part of the present
paper is to give expliit algebrai desriptions of the Prym varieties assoi-
ated to ramied double overs of algebrai urves. The basi algebrai tools
are known and an be found in the book by Arbarello, Cornalba, Griths,
Harris [3℄ and in Mumford's paper [18℄. In the seond part of the paper, we
make a areful study of the onnetion with the onept of algebrai om-
pletely integrable systems and we apply the methods to some problems suh
as the Hénon-Heiles system, the Kowalewski rigid body motion and Kirh-
ho's equations of motion of a solid in an ideal uid. The motivation was the
exellent Haine's paper [10℄ on the integration of the Euler-Arnold equations
assoiated to a lass of geodesi ow on SO(4). The Kowalewski's top and
the Clebsh's ase of Kirhho's equations desribing the motion of a solid
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body in a perfet uid were integrated in terms of genus two hyperellipti
funtions by Kowalewski [13℄ and Kötter [12℄ as a result of ompliated and
mysterious omputations. The onept of algebrai omplete integrability
(Adler-van Moerbeke) throws a ompletely new light on these two systems.
Namely, in both ases (see [14℄ for Kowalewski's top and [10℄ for geodesi
ow on SO(4)), the ane varieties in C6 obtained by interseting the four
polynomial invariants of the ow are ane parts of Prym varieties of genus 3
urves whih are double over of ellipti urves. Suh Prym varieties are not
prinipally polarized and so they are not isomorphi but only isogenous to
Jaobi varieties of genus two hyperellipti urves. This was a total surprise
as it was generially believed that only jaobians would appear as invariants
manifolds of suh systems. The method that is used for reveiling the Pryms
is due to L.Haine [10℄. By now many algebrai ompletely integrable systems
are known to linearize on Prym varieties.
2 Prym varieties
Let
ϕ : C −→ C0,
be a double overing with 2n branh points where C and C0 are nonsingular
omplete urves. Let
σ : C −→ C,
be the involution exhanging sheets of C over C0 = C/σ. By Hurwitz's for-
mula, the genus of C is g = 2g0 + n − 1, where g0 is the genus of C0. Let
OC be the sheaf of holomorphi funtions on C. Let S
g(C) be the g-th sym-
metri power of C (the totality of unordered sets of points of C). On Sg(C),
two divisors D1 and D2 are linearly equivalent (in short, D1 ≡ D2) if their
dierene D1 − D2 is the divisor of a meromorphi funtion or equivalently
if and only if ∫
D2
D1
ω =
∫
γ
ω, ∀ω ∈ Ω1C ,
where Ω1
C
is the sheaf of holomorphi 1-forms on C and γ is a losed path on
C. We dene the jaobian (Jaobi variety) of C, to be
Jac(C) = Sg(C)/ ≡ .
To be preise, the jaobian Jac(C) = Pic0(C) of C is the onneted ompo-
nent of its Piard group parametrizing degree 0 invertible sheaves. It is a
ompat ommutative algebrai group, i.e., a omplex torus. Indeed, from
the fundamental exponential sequene, we get an isomorphism
Jac(C) = Pic0(C),
≃ H0(C,Ω1C)
∗/H1(C,Z),
≃ Cg/Z2g,
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via the duality given by Abel's theorem. Consider the following mapping
Sg (C) −→ Cg/LΩ,
g∑
k=1
µk 7−→
g∑
k=1
∫ µk(t)
(ω1, . . . , ωg) = t (k1, . . . , kg) ,
where (ω1, . . . , ωg) is a basis of Ω
1
C
, LΩ is the lattie assoiated to the period
matrix Ω and µ1, . . . , µg some appropriate variables dened on a non empty
Zariski open set. Let (a1, ..., ag0 , ..., ag , b1, ..., bg0 , ..., bg), be a anonial ho-
mology basis of H1(C,Z) suh that
σ (a1) = ag0+n, ..., σ (ag0) = ag,
σ (ag0+1) = −ag0+1, ..., σ (ag0+n−1) = −ag0+n−1,
σ (b1) = bg0+n, ..., σ (bg0) = bg,
σ (bg0+1) = −bg0+1, ..., σ (bg0+n−1) = −bg0+n−1,
for the involution σ. Notie that ϕ (ag0+1) , ..., ϕ (ag0+n−1) , ϕ (bg0+1) , ..., ϕ (bg0+n−1)
are homologous to zero on C0. Let (ω1, . . . , ωg) be a basis of holomorphi
dierentials on C where ωg0+n, . . . , ωg, are holomorphi dierentials on C0
and
σ∗(ωj) =
{
−ωj, 1 ≤ j ≤ g0 + n− 1,
ωj , g0 + n ≤ j ≤ g,
the pullbak of ωj. The period matrix Ω of Jac(C) is expliitly given by
Ω =
(
A B C D E F
G H I J K L
)
,
where A, . . . , L denote the following matries :
A =

∫
a1
ω1 . . .
∫
ag0
ω1
.
.
.
.
.
.∫
a1
ω
g0+n−1
. . .
∫
ag0
ωg0+n−1
 , (1)
B =

∫
ag0+1
ω1 . . .
∫
ag0+n−1
ω1
.
.
.
.
.
.∫
ag0+1
ωg0+n−1 . . .
∫
ag0+n−1
ωg0+n−1
 ,
C =

∫
ag0+n
ω1 . . .
∫
ag
ω1
.
.
.
.
.
.∫
ag0+n
ωg0+n−1 . . .
∫
ag
ωg0+n−1
 ,
D =

∫
b1
ω1 . . .
∫
bg0
ω1
.
.
.
.
.
.∫
b1
ω
g0+n−1
. . .
∫
bg0
ωg0+n−1
 ,
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E =

∫
bg0+1
ω1 . . .
∫
bg0+n−1
ω1
.
.
.
.
.
.∫
bg0+1
ω
g0+n−1
. . .
∫
bg0+n−1
ωg0+n−1
 ,
F =

∫
bg0+n
ω1 . . .
∫
bg
ω1
.
.
.
.
.
.∫
bg0+n
ω
g0+n−1
. . .
∫
bg
ωg0+n−1
 ,
G =

∫
a1
ωg0+n . . .
∫
ag0
ωg0+n
.
.
.
.
.
.∫
a1
ωg . . .
∫
ag0
ωg
 ,
H =

∫
ag0+1
ωg0+n . . .
∫
ag0+n−1
ωg0+n
.
.
.
.
.
.∫
ag0+1
ωg . . .
∫
ag0+n−1
ωg
 ,
I =

∫
ag0+n
ωg0+n . . .
∫
ag
ωg0+n
.
.
.
.
.
.∫
ag0+n
ωg . . .
∫
ag
ωg
 ,
J =

∫
b1
ωg0+n . . .
∫
bg0
ωg0+n
.
.
.
.
.
.∫
b1
ωg . . .
∫
bg0
ωg
 ,
K =

∫
bg0+1
ωg0+n . . .
∫
bg0+n−1
ωg0+n
.
.
.
.
.
.∫
bg0+1
ωg . . .
∫
bg0+n−1
ωg
 ,
and
L =

∫
bg0+n
ωg0+n . . .
∫
bg
ωg0+n
.
.
.
.
.
.∫
bg0+n
ωg . . .
∫
bg
ωg
 .
Notie that ∫
ag0+1
ωj = −
∫
σ(ag0+1)
ωj,
= −
∫
ag0+1
σ∗(ωj),
=
{ ∫
ag0+1
ωj, 1 ≤ j ≤ g0 + n− 1,
−
∫
ag0+1
ωj, g0 + n ≤ j ≤ g,
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..
.∫
ag0+n−1
ωj =
{ ∫
a
g0+n−1
ωj, 1 ≤ j ≤ g0 + n− 1,
−
∫
a
g0+n−1
ωj, g0 + n ≤ j ≤ g,
∫
bg0+1
ωj = −
∫
σ(bg0+1)
ωj,
= −
∫
bg0+1
σ∗ (ωj) ,
=
{ ∫
bg0+1
ωj, 1 ≤ j ≤ g0 + n− 1,
−
∫
bg0+1
ωj, g0 + n ≤ j ≤ g,
.
.
.∫
bg0+1
ωj =
{ ∫
bg0+1
ωj, 1 ≤ j ≤ g0 + n− 1,
−
∫
bg0+1
ωj, g0 + n ≤ j ≤ g,
∫
ag0+n
ωj =
∫
σ(a1)
ωj,
=
∫
a1
σ∗ (ωj) ,
=
{
−
∫
a1
ωj, 1 ≤ j ≤ g0 + n− 1,∫
a1
ωj, g0 + n ≤ j ≤ g,
.
.
.∫
ag0+n
ωj =
{
−
∫
ag0
ωj, 1 ≤ j ≤ g0 + n− 1,∫
ag0
ωj, g0 + n ≤ j ≤ g,
and ∫
bg0+n
ωj =
∫
σ(b1)
ωj,
=
∫
b1
σ∗ (ωj) ,
=
{
−
∫
b1
ωj, 1 ≤ j ≤ g0 + n− 1,∫
b1
ωj, g0 + n ≤ j ≤ g,
.
.
.∫
bg
ωj =
{
−
∫
bg0
ωj, 1 ≤ j ≤ g0 + n− 1,∫
bg0
ωj, g0 + n ≤ j ≤ g.
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Then,
C = −A, F = −D, H = O, I = G, K = O, L = J,
where O is the null matrix and therefore
Ω =
(
A B −A D E −D
G O G J O J
)
,
≡
(
C1 C2 C3 C4 C5 C6
)
.
By elementary olumn operation, we obtain the following matries :
Ω1 =
(
C1 C2 C1 + C3 C4 C5 C4 + C6
)
,
=
(
A B O D E O
G O 2G J O 2J
)
,
Ω2 =
(
C1 C2 C1 − C3 C4 C5 C4 − C6
)
,
=
(
A B 2A D E 2D
G O O J O O
)
,
Ω3 =
(
C1 − C3 C2 C4 − C6 C5 C1 + C3 C4 + C6
)
,
=
(
2A B 2D E O O
O O O O 2G 2J
)
,
=
(
Γ O
O 2∆
)
,
where
∆ =
(
G J
)
, (2)
=

∫
a1
ωg0+n . . .
∫
ag0
ωg0+n
∫
b1
ωg0+n . . .
∫
bg0
ωg0+n
.
.
.
.
.
.
.
.
.
.
.
.∫
a1
ωg . . .
∫
ag0
ωg
∫
b1
ωg . . .
∫
bg0
ωg
 ,
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and
Γ =
(
2A B 2D E
)
, (3)
=

2
∫
a1
ω1 . . . 2
∫
a1
ωg0+n−1
.
.
.
.
.
.
2
∫
ag0
ω1 . . . 2
∫
ag0
ωg0+n−1∫
ag0+1
ω1 . . .
∫
ag0+1
ωg0+n−1
.
.
.
.
.
.∫
ag0+n−1
ω1 . . .
∫
ag0+n−1
ωg0+n−1
2
∫
b1
ω1 . . . 2
∫
b1
ωg0+n−1
.
.
.
.
.
.
2
∫
bg0
ω1 . . . 2
∫
bg0
ωg0+n−1∫
bg0+1
ω1 . . .
∫
bg0+1
ωg0+n−1
.
.
.
.
.
.∫
bg0+n−1
ω1 . . .
∫
bg0+n−1
ωg0+n−1

⊺
.
Let
LΩ = {
g∑
i=1
mi
∫
ai
 ω1..
.
ωg
+ ni ∫
bi
 ω1..
.
ωg
 : mi, ni ∈ Z},
be the period lattie assoiated to Ω. Let us denote also by LΩ1 , LΩ2 , LΩ3
and L∆ the period latties assoiated respetively to Ω1, Ω2, Ω3 and ∆. Sine
LΩ = LΩ1 = LΩ2 = LΩ3 ,
it follows that the maps
C
g0+n−1/LΓ :
 t1..
.
tg0+n−1
modLΓ →֒ Cg/LΩ :

t1
.
.
.
tg0+n−1
0
.
.
.
0

modLΩ,
C
g0/2L∆ :
 t1..
.
tg0
mod2L∆ →֒ Cg/LΩ :

0
.
.
.
0
t1
.
.
.
tg0

modLΩ,
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are injetives. Therefore, the tori C
g0+n−1/LΓ and C
g0/2L∆ an be embed-
ded into C
g/LΩ and the map
C
g/LΩ3 = C
g0+n−1/LΓ ⊕ C
g0/2L∆ −→ C
g/LΩ, t1..
.
tg
modLΩ3 7→
 t1..
.
tg
modLΩ,
shows that the jaobian variety Jac (C0) intersets the torus C
g0+n−1/LΓ in
22g0 points. We have then the following diagramm
C KerNϕ
↓ σ ↓
C
u
−→ Jac(C)
u∗
←− Jac∗(C)
↓ ϕ ↓ Nϕ ↑ N
∗
ϕ
C0
u0−→ Jac(C0)
u∗0←− Jac∗(C0)
↓ ϕ∗
Jac(C) ⊂ H1(C,O∗
C
) ≃ H1(C0, (ϕ∗OC)
∗)
↓ σ ↓ Nϕ
Jac(C)
Nϕ
−→ Jac(C0) →֒ H
1(C0,O
∗
C0
)
where
u : z 7−→ divisor lass(z − p), p ∈ C,xed,
u0 : z0 7−→ divisor lass(z0 − p0), p0 ∈ C0, xed withp0 = ϕ(p),
Nϕ : Jac(C) −→ Jac(C0),
∑
mipi 7−→
∑
miϕ(pi),
is the norm mapping and
Jac∗(C) = dual of Jac(C).
The norm map Nϕ is surjetive. Moreover, the dual Jac
∗ (C) of Jac(C) is
isomorphi to Jac(C). The Prym variety denoted Prym(C/C0) is dened by
Prym(C/C0) =
(
H0
(
C,Ω1C
)−)∗
/H1 (C,Z)
− ,
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where −denote the -1 eigenspae for a vetor spae on whih j ats. Let
D ∈ Prym(C/C0), i.e.,
0
.
.
.
0
2
∫ D
0 ωg0+n
.
.
.
2
∫ D
0 ωg

∈ LΩ ⇐⇒

∫ D
0 ωg0+n
.
.
.∫ D
0 ωg
 ∈ L∆,
⇐⇒

∫D
0 ω1
.
.
.∫ D
0 ωg0+n−1∫ D
0 ωg0+n
.
.
.∫ D
0 ωg

=

t1
.
.
.
tg0+n−1
0
.
.
.
0

.
Consequently, the Abel-Jaobi map
Jac (C) −→ Cg/LΩ, D 7−→

∫ D
0 ω1
.
.
.∫D
0 ωg0+n−1∫D
0 ωg0+n
.
.
.∫D
0 ωg

,
maps Prym(C/C0)) bi-analtially onto C
g0+n−1/LΓ. By Chow's theorem [9℄,
Prym(C/C0) is thus a subabelian variety of Jac (C) . More preisely, we have
Prym(C/C0) = (KerNϕ)
0,
= Ker(1Jac(C) + σ)
0,
= Im(1Jac(C) − σ) ⊂ Jac(C).
Equivalently, the involution σ indues an involution
σ : Jac(C) −→ Jac(C), lass of D 7−→ lass of σD,
and up to some points of order two, Jac(C) splits into an even part Jac (C0)
and an odd part Prym(C/C0) :
Jac(C) = Prym(C/C0)⊕ Jac (C0) ,
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with
dim Jac(C0) = g0,
dimJac() = g = 2g0 + n− 1,
dimPrym(C/C0) = g − g0 = g0 + n− 1.
Observe that ∆(2) (resp. Γ (3)) is the period matrix of Jac (C0) (resp.
Prym(C/C0)). Write
Γ = (U, V ) ,
with
U =

2
∫
a1
ω1 . . . 2
∫
ag0
ω1
∫
ag0+1
ω1 . . .
∫
ag0+n−1
ω1
.
.
.
.
.
.
.
.
.
.
.
.
2
∫
a1
ωg0+n−1 . . . 2
∫
ag0
ωg0+n−1
∫
ag0+1
ωg0+n−1 . . .
∫
ag0+n−1
ωg0+n−1
 ,
V =

2
∫
b1
ω1 . . . 2
∫
bg0
ω1
∫
bg0+1
ω1 . . .
∫
bg0+n−1
ω1
.
.
.
.
.
.
.
.
.
.
.
.
2
∫
b1
ωg0+n−1 . . . 2
∫
bg0
ωg0+n−1
∫
bg0+1
ωg0+n−1 . . .
∫
bg0+n−1
ωg0+n−1
 ,
and let us all
e1 =
 2
∫
a1
ω1
.
.
.
2
∫
a1
ωg0+n−1
 , . . . , eg0 =

2
∫
ag0
ω1
.
.
.
2
∫
ag0
ωg0+n−1
 ,
eg0+1 =

∫
ag0+1
ω1
.
.
.∫
ag0+1
 , . . . , eg0+n−1 =

∫
ag0+n−1
ω1
.
.
.∫
ag0+n−1
ωg0+n−1
 .
Then, in the new basis (λ1, . . . , λg0+n−1) where
λj =
ej
δj
, δj =
{
1 pour 1 ≤ j ≤ g0,
2 pour g0 + 1 ≤ j ≤ g0 + n− 1,
the period matrix Γ takes the anonial form
(∆δ, Z),
with
∆δ = diag(δ1, . . . , δn)
and
Z = ∆δU
−1V,
symmetri and ImZ > 0. Then
Γ∗ =
(
δg0+n−1∆
−1
δ , δg0+n−1∆
−1
δ Z∆
−1
δ
)
,
= (δg0+n−1∆
−1
δ , δg0+n−1U
−1V∆−1δ ),
=
(
δg0+n−1∆
−1
δ , δg0+n−1∆
−1
δ (U
∗)−1 V ∗
)
,
and
Γ∗ = (U∗, V ∗),
= (A B D E),
is the period matrix of the dual abelian variety Prym∗(C/C0). The above
disussion is summed up in the following statement :
Theorem 1 Let
ϕ : C −→ C0,
be a double overing where C and C0 are nonsingular algebrai urves with
jaobians Jac(C) and Jac(C0). Let
σ : C −→ C,
be the involution exhanging sheets of C over C0 = C/σ. This involution
extends by linearity to a map (whih will again be denoted by σ)
σ : Jac(C) −→ Jac(C),
and up some points of order two, Jac(C) splits into an even part ,i.e., Jac(C)
and an odd part (alled Prym variety) denoted Prym(C/C0) and dened by
Prym(C/C0) =
(
H0
(
C,Ω1C
)−)∗
/H1 (C,Z)
− ,
where Ω1
C
is the sheaf of holomorphi 1-forms on C and − denote the -1
eigenspae for a vetor spae on whih j ats. To be preise, we have
Jac(C) = Prym(C/C0)⊕ Jac (C0) ,
with
dim Jac (C0) = genus g0 of C0,
dim Jac (C) = genus g of C = 2g0 + n− 1,
and
dimPrym(C/C0) = g − g0 = g0 + n+ 1,
with 2n branh points. Moreover, if
Ω =
(
A B C D E F
G H I J K L
)
,
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is the period matrix of Jac(C) where A, . . . , L denote the matries (1) , then
the period matries of Jac (C0) , P rym (C/C0) and the dual Prym
∗ (C/C0) of
Prym (C/C0) , are respetively
∆ = (G H),
Γ = (2A B 2D E),
and
Γ∗ = (A B D E).
3 Algebrai omplete integrability
3.1 A survey on abelian varieties and algebrai integrability
We give some basi fats about integrable hamiltonian systems and some
results about abelian surfaes whih will be used, as well as the basi teh-
niques to study two-dimensional algebrai ompletely integrable systems.
Let T = C/Λ be a n−dimensional abelian variety where Λ is the lattie
generated by the 2n olumns λ1, . . . , λ2n of the n× 2n period matrix Ω and
let D be a divisor on T. Dene
L(D) = {f meromorphi on T : (f) ≥ −D},
i.e., for D =
∑
kjDj a funtion f ∈ L(D) has at worst a kj−fold pole along
Dj . The divisor D is alled ample when a basis (f0, . . . , fN ) of L(kD) embeds
T smoothly into PN for some k, via the map
T −→ PN , p 7−→ [1 : f1(p) : ... : fN (p)],
then kD is alled very ample. It is known that every positive divisor D on
an irreduible abelian variety is ample and thus some multiple of D embeds
M into PN . By a theorem of Lefshetz, any k ≥ 3 will work. Moreover, there
exists a omplex basis of C
n
suh that the lattie expressed in that basis is
generated by the olumns of the n× 2n period matrix δ1 0 |. .
. | Z
0 δn |
 ,
with Z⊤ = Z, ImZ > 0, δj ∈ N
∗
and δj |δj+1. The integers δj whih provide
the so-alled polarization of the abelian variety M are then related to the
divisor as follows :
dimL(D) = δ1 . . . δn. (4)
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In the ase of a 2−dimensional abelian varieties (surfaes), even more an be
stated : the geometri genus g of a positive divisor D (ontaining possibly
one or several urves) on a surfae T is given by the adjuntion formula
g(D) =
KT .D +D.D
2
+ 1, (5)
where KT is the anonial divisor on T, i.e., the zero-lous of a holomorphi
2−form, D.D denote the number of intersetion points ofD with a+D (where
a + D is a small translation by a of D on T ), where as the Riemann-Roh
theorem for line bundles on a surfae tells you that
χ(D) = pa(T ) + 1 +
1
2
(D.D −DKM ), (6)
where pa (T ) is the arithmeti genus of T and χ(D) the Euler harateristi
of D. To study abelian surfaes using Riemann surfaes on these surfaes,
we reall that
χ(D) = dimH0(T,OT (D))− dimH
1(T,OT (D)),
= dimL(D)− dimH1(T,Ω2(D ⊗K∗T )), (Kodaira-Serre duality),
= dimL(D), (Kodaira vanishing theorem), (7)
whenever D⊗K∗T denes a positive line bundle. However for abelian surfaes,
KT is trivial and pa(T ) = −1; therefore ombining relations (4), (5), (6) and
(7), we obtain
χ (D) = dimL(D),
=
D.D
2
,
= g (D)− 1,
= δ1δ2. (8)
Let M be a 2n-dimensional dierentiable manifold and ω a losed non-
degenerate dierential 2-form. The pair (M,ω) is alled a sympleti man-
ifold. Let H : M −→ R be a smooth funtion. A hamiltonian system on
(M,ω) with hamiltonian H an be written in the form
q˙1 =
∂H
∂p1
, ..., q˙n =
∂H
∂pn
, p˙1 = −
∂H
∂q1
, ..., p˙n = −
∂H
∂qn
, (9)
where (q1, ..., qn, p1, ..., pn) are oordinates in M . Thus the hamiltonian ve-
tor eld XH is dened by
XH =
n∑
k=1
(
∂H
∂pk
∂
∂qk
−
∂H
∂qk
∂
∂pk
)
.
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If F is a smooth funtion on the manifold M, the Poisson braket {F,H} of
F and H is dened by
XHF =
n∑
k=1
(
∂H
∂pk
∂F
∂qk
−
∂H
∂qk
∂F
∂pk
)
,
= {F,H} . (10)
A funtion F is an invariant (rst integral) of the hamiltonian system (9) if
and only if the Lie derivative of F with respet XH is identially zero. The
funtions F and H are said to be in involution or to ommute, if {F,H} = 0.
Note that equations (9) and (10) an be written in more ompat form
x˙ = J
∂H
∂x
, x = (q1, ..., qn, p1, ..., pn)
⊤ ,
{F,H} =
〈
∂F
∂x
, J
∂H
∂x
〉
,
=
n∑
k,l=1
Jkl
∂F
∂xk
∂H
∂xl
,
with J =
[
O I
−I O
]
, a skew-symmetri matrix where I is the n × n unit
matrix and O the n×n zero matrix. A hamiltonian system is ompletely inte-
grable in the sense of Liouville if there exist n invariants H1 = H,H2, . . . ,Hn
in involution (i.e., suh that the assoiated Poisson braket {Hk,Hl} all van-
ish) with linearly independent gradients (i.e., dH1 ∧ ... ∧ dHn 6= 0). For
generi c = (c1, ..., cn) the level set
Mc = {H1 = c1, . . . ,Hn = cn},
will be an n-manifold, and sine
XHkHl = {Hk,Hl} = 0,
the integral urves of eah XHk will lie in Mc and the vetor elds XHk span
the tangent spae of Mc. By a theorem of Arnold [4,15℄, if Mc is ompat
and onneted, it is dieomorphi to an n-dimensional real torus and eah
vetor eld will dene a linear ow there. To be preise, in some open
neighbourhood of the torus one an introdue regular sympleti oordinates
s1, . . . , sn, ϕ1, . . . , ϕn in whih ω takes the anonial form
ω =
n∑
k=1
dsk ∧ dϕk.
Here the funtions sk (alled ation-variables) give oordinates in the dire-
tion transverse to the torus and an be expressed funtionally in terms of
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the rst integrals Hk. The funtions ϕk (alled angle-variables) give standard
angular oordinates on the torus, and every vetor eld XHk an be written
in the form
ϕ˙k = hk (s1, . . . , sn) ,
that is, its integral trajetories dene a onditionally-periodi motion on the
torus. Consequently, in a neighbourhood of the torus the hamiltonian vetor
eld XHk take the following form
s˙k = 0, ϕ˙k = hk (s1, . . . , sn) ,
and an be solved by quadratures.
Consider now hamiltonian problems of the form
XH : x˙ = J
∂H
∂x
≡ f(x), x ∈ Rm, (11)
where H is the hamiltonian and J = J(x) is a skew-symmetri matrix with
polynomial entries in x, for whih the orresponding Poisson braket
{Hi,Hj} = 〈
∂Hi
∂x
, J
∂Hj
∂x
〉,
satises the Jaobi identities. The system (11) with polynomial right hand
side will be alled algebraially ompletely integrable (a..i.) in the sense of
Adler-van Moerbeke [1℄ when :
(i) The system possesses n+k independent polynomial invariantsH1, ...,Hn+k
of whih k lead to zero vetor elds
J
∂Hn+i
∂x
(x) = 0, 1 ≤ i ≤ k,
the n remaining ones are in involution (i.e., {Hi,Hj} = 0) and m = 2n+ k.
For most values of ci ∈ R, the invariant varieties
n+k⋂
i=1
{x ∈ Rm : Hi = ci} are
assumed ompat and onneted. Then, aording to the Arnold-Liouville
theorem, there exists a dieomorphism
n+k⋂
i=1
{x ∈ Rm : Hi = ci} → R
n/Lattice,
and the solutions of the system (11) are straight lines motions on these tori.
(ii) The invariant varieties, thought of as ane varieties
Mc =
n+k⋂
i=1
{Hi = ci, x ∈ C
m},
in C
m
an be ompleted into omplex algebrai tori, i.e.,
Mc ∪D = C
n/Lattice,
where C
n/Lattice is a omplex algebrai torus (i.e., abelian variety) and D
a divisor.
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Remark 3.1 Algebrai means that the torus an be dened as an interse-
tion ⋂
i
{Pi(X0, ...,XN ) = 0},
involving a large number of homogeneous polynomials Pi. In the natural
oordinates (t1, ..., tn) of C
n
/Lattice oming from Cn, the funtions xi =
xi(t1, ..., tn) are meromorphi and (11) denes straight line motion on C
n/Lattice.
Condition (i) means, in partiular, there is an algebrai map
(x1(t), ..., xm(t)) 7−→ (µ1(t), ..., µn(t)),
making the following sums linear in t :
n∑
i=1
∫ µi(t)
µi(0)
ωj = djt , 1 ≤ j ≤ n, dj ∈ C,
where ω1, ..., ωn denote holomorphi dierentials on some algebrai urves.
Adler and van Moerbeke [1] have shown that the existene of a oherent
set of Laurent solutions :
xi =
∞∑
j=0
x
(j)
i t
j−ki, ki ∈ Z, some ki > 0, (12)
depending on dim (phase space) − 1 = m − 1 free parameters is neessary
and suient for a hamiltonian system with the right number of onstants
of motion to be a..i. So, if the hamiltonian ow (11) is a..i., it means
that the variables xi are meromorphi on the torus C
n/Lattice and by om-
patness they must blow up along a odimension one subvariety (a divisor)
D ⊂ Cn/Lattice. By the a..i. denition, the ow (11) is a straight line
motion in C
n/Lattice and thus it must hit the divisor D in at least one
plae. Moreover through every point of D, there is a straight line motion
and therefore a Laurent expansion around that point of intersetion. Hene
the dierential equations must admit Laurent expansions whih depend on
the n−1 parameters dening D and the n+k onstants ci dening the torus
C
n/Lattice , the total ount is therefore m − 1 = dim (phase space) − 1
parameters.
Assume now hamiltonian ows to be (weight)-homogeneous with a weight
νi ∈ N, going with eah variable xi, i.e.,
fi (α
ν1x1, ..., α
νmxm) = α
νi+1fi (x1, ..., xm) , ∀α ∈ C.
Observe that then the onstants of the motion H an be hosen to be
(weight)-homogeneous :
H (αν1x1, ..., α
νmxm) = α
kH (x1, ..., xm) , k ∈ Z.
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If the ow is algebraially ompletely integrable, the dierential equations
(11) must admits Laurent series solutions (12) depending on m − 1 free
parameters. We must have ki = νi and oeients in the series must satisfy
at the 0
th
step non-linear equations,
fi
(
x
(0)
1 , ..., x
(0)
m
)
+ gix
(0)
i = 0, 1 ≤ i ≤ m, (13)
and at the k
th
step, linear systems of equations :
(L− kI) z(k) =
{
0 for k = 1
some polynomial in x(1), ..., x(k−1) for k > 1,
(14)
where
L = Jaobian map of (13) ,
=
∂f
∂z
+ gI |z=z(0) .
If m − 1 free parameters are to appear in the Laurent series, they must ei-
ther ome from the non-linear equations (13) or from the eigenvalue problem
(14) , i.e., L must have at least m − 1 integer eigenvalues. These are muh
less onditions than expeted, beause of the fat that the homogeneity k
of the onstant H must be an eigenvalue of L Moreover the formal series
solutions are onvergent as a onsequene of the majorant method [1] . So,
the question is how does one prove diretly that the system is eetively
a..i. with abelian spae oordinates? The idea of the diret proof used
by Adler and van Moerbeke is losely related to the geometri spirit of the
(real) Arnold-Liouville theorem disuted above. Namely, a ompat omplex
n-dimensional variety on whih there exist n holomorphi ommuting vetor
elds whih are independent at every point is analytially isomorphi to a
n-dimensional omplex torus Cn/Lattice and the omplex ows generated
by the vetor elds are straight lines on this omplex torus. Now, the ane
varietyMc is not ompat and the main problem will be to omplete Mc into
a non singular ompat omplex algebrai variety M˜c = Mc ∪ D in suh a
way that the vetor elds XH1 , ...,XHm extend holomorphially along the di-
visor D and remain independent there. If this is possible, M˜c is an algebrai
omplex torus, i.e., an abelian variety and the oordinates xi restrited to
Mc are abelian funtions. A naive guess would be to take the natural om-
patiation Mc of Mc in P
m(C). Indeed, this an never work for a general
reason: an abelian variety M˜c of dimension bigger or equal than two is never
a omplete intersetion, that is it an never be desriped in some projetive
spae P
m(C) by m-dim M˜c global polynomial homogeneous equations. In
other words, if Mc is to be the ane part of an abelian variety, Mc must
have a singularity somewhere along the lous at innity Mc ∩ {X0 = 0}. In
fat, Adler and van Moerbeke [1℄ showed that the existene of meromorphi
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solutions to the dierential equations (2) depending on m − 1 free param-
eters an be used to manufature the tori, without ever going through the
deliate proedure of blowing up and down. Information about the tori an
then be gathered from the divisor. An exposition of suh methods and their
appliations an be found in [1,2℄.
3.2 The Hénon-Heiles system
The Hénon-Heiles system
q˙1 =
∂H
∂p1
, q˙2 =
∂H
∂p2
, p˙1 = −
∂H
∂q1
, p˙2 = −
∂H
∂q2
, (15)
with
H ≡ H1 =
1
2
(
p21 + p
2
2 + aq
2
1 + bq
2
2
)
+ q21q2 + 6q
3
2 ,
has another onstant of motion
H2 = q
4
1 + 4q
2
1q
2
2 − 4p1 (p1q2 − p2q1) + 4aq
2
1q2 + (4a− b)
(
p21 + aq
2
1
)
,
where a, b, are onstant parameters and q1, q2, p1, p2 are anonial oordi-
nates and momenta, respetively. First studied as a mathematial model
to desribe the haoti motion of a test star in an axisymmetri galati
mean gravitational eld this system is widely explored in other branhes of
physis. It well-known from appliations in stellar dynamis, statistial me-
hanis and quantum mehanis. It provides a model for the osillations of
atoms in a three-atomi moleule. The system (15) possesses Laurent series
solutions depending on 3 free parameters α, β, γ, namely
q1 =
α
t
+
(
α3
12
+
αA
2
−
αB
12
)
t+ βt2 + q
(4)
1 t
3 + q
(5)
1 t
4 + q
(6)
1 t
5 + · · · ,
q2 = −
1
t2
+
α2
12
−
B
12
+
(
α4
48
+
α2A
10
−
α2B
60
−
B2
240
)
t2 +
αβ
3
t3 + γt4 + · · · ,
where p1 =
.
q1, p2 =
.
q2 and
q
(4)
1 =
αAB
24
−
α5
72
+
11α3B
720
−
11α3A
120
−
αB2
720
−
αA2
8
,
q
(5)
1 = −
βα2
12
+
βB
60
−
Aβ
10
,
q
(6)
1 = −
αγ
9
−
α7
15552
−
α5A
2160
+
α5B
12960
+
α3B2
25920
+
α3A2
1440
−
α3AB
4320
+
αAB2
1440
−
αB3
19440
−
αA2B
288
+
αA3
144
.
Let D be the pole solutions restrited to the surfae
Mc =
2⋂
i=1
{
x ≡ (q1, q2, p1, p2) ∈ C
4,Hi (x) = ci
}
,
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to be preise D is the losure of the ontinuous omponents of the set of
Laurent series solutions x (t) suh that Hi (x (t)) = ci, 1 ≤ i ≤ 2, i.e.,
D = t0 − oeient of Mc. Thus we nd an algebrai urve dened by
D : β2 = P8(α), (16)
where
P8 (α) = −
7
15552
α8−
1
432
(
5A−
13
18
B
)
α6−
1
36
(
671
15120
B2 +
17
7
A2 −
943
1260
BA
)
α4
−
1
36
(
4A3 −
1
2520
B3 −
13
6
A2B +
2
9
AB2 −
10
7
c1
)
α2 +
1
36
c2.
The urve D determined by an eight-order equation is smooth, hyperellipti
and its genus is 3. Moreover, the map
σ : D −→ D, (β, α) 7−→ (β,−α), (17)
is an involution on D and the quotient E = D/σ is an ellipti urve dened
by
E : β2 = P4(ζ), (18)
where P4 (ζ) is the degree 4 polynomial in ζ = α
2
obtained from (16) . The
hyperellipti urve D is thus a 2-sheeted ramied overing of the ellipti
urve E (18) ,
ρ : D −→ E , (β, α) 7−→ (β, ζ), (19)
ramied at the four points overing ζ = 0 and ∞. Following the methods
in Adler-van Moerbeke [1,2℄, the ane surfae Mc ompletes into an abelian
surfae M˜c, by adjoining the divisor D. The latter denes on M˜c a polariza-
tion (1, 2). The divisor 2D is very ample and the funtions
1, y1, y
2
1, y2, x1, x
2
1 + y
2
1y2, x2y1 − 2x1y2, x1x2 + 2Ay1y2 + 2y1y
2
2,
embed M˜c smoothly into CP
7
with polarization (2, 4), aording to (8). Then
the system (15) is algebrai omplete integrable and the orresponding ow
evolues on an abelian surfae M˜c = C
2/lattie, where the lattie is generated
by the period matrix
(
2 0 a c
0 4 c b
)
, Im
(
a c
c b
)
> 0.
Theorem 2 The abelian surfae M˜c whih ompletes the ane surfae Mc
is the dual Prym variety Prym∗ (D/E) of the genus 3 hyperellipti urve D
(16) for the involution σ interhanging the sheets of the double overing ρ
(19) and the problem linearizes on this variety.
20
Proof. Let (a1, a2, a3, b1, b2, b3) be a anonial homology basis of D suh that
σ (a1) = a3, σ (b1) = b3, σ (a2) = −a2, σ (b2) = −b2,
for the involution σ (17). As a basis of holomorphi dierentials ω0, ω1, ω2
on the urve D (16) we take the dierentials
ω1 =
α2dα
β
, ω2 =
dα
β
, ω3 =
αdα
β
,
and obviously
σ∗(ω1) = −ω1, σ
∗(ω2) = −ω2, σ
∗(ω3) = ω3.
We onsider the period matrix Ω of Jac(D)
Ω =

∫
a1
ω1
∫
a2
ω1
∫
a3
ω1
∫
b1
ω1
∫
b2
ω1
∫
b3
ω1∫
a1
ω2
∫
a2
ω2
∫
a3
ω2
∫
b1
ω2
∫
b2
ω2
∫
b3
ω2∫
a1
ω3
∫
a2
ω3
∫
a3
ω3
∫
b1
ω3
∫
b2
ω3
∫
b3
ω3
 .
By theorem 1,
Ω =

∫
a1
ω1
∫
a2
ω1 −
∫
a1
ω1
∫
b1
ω1
∫
b2
ω1 −
∫
b1
ω1∫
a1
ω2
∫
a2
ω2 −
∫
a1
ω2
∫
b1
ω2
∫
b2
ω2 −
∫
b1
ω2∫
a1
ω3 0
∫
a1
ω3
∫
b1
ω3 0
∫
b1
ω3
 ,
and therefore the period matries of Jac(E)(i.e., E), Prym(D/E) and Prym∗(D/E)
are respetively
∆ = (
∫
a1
ω3
∫
b1
ω3),
Γ =
(
2
∫
a1
ω1
∫
a2
ω1 2
∫
b1
ω1
∫
b2
ω1
2
∫
a1
ω2
∫
a2
ω2 2
∫
b1
ω2
∫
b2
ω2
)
,
and
Γ∗ =
( ∫
a1
ω1
∫
a2
ω1
∫
b1
ω1
∫
b2
ω1∫
a1
ω2
∫
a2
ω2
∫
b1
ω2
∫
b2
ω2
)
.
Let
LΩ = {
3∑
i=1
mi
∫
ai
 ω1ω2
ω3
+ ni ∫
bi
 ω1ω2
ω3
 : mi, ni ∈ Z},
21
be the period lattie assoiated to Ω. Let us denote also by L∆, the period
lattie assoiated ∆. Aording to theorem 1, we get the following diagram
0
↓
E D
↓ ϕ∗ ւ ↓ ϕ
0 −→ kerNϕ −→ Prym(D/E)⊕ E = Jac(D)
Nϕ
−→ E −→ 0
ց τ ↓
M˜c = Mc ∪ 2D ≃ C
2/lattie
↓
0
The polarization map
τ : Prym(D/E) −→ M˜c = Prym
∗(D/E),
has kernel (ϕ∗E) ≃ Z2 × Z2 and the indued polarization on Prym(D/E) is
of type (1,2). Let
M˜c −→ C
2/LΛ : p 7−→
∫ p
p0
(
dt1
dt2
)
,
be the uniformizing map where dt1, dt2 are two dierentials on M˜c orre-
sponding to the ows generated respetively by H1,H2 suh that :
dt1|D = ω1, dt2|D = ω2,
and
LΛ = {
4∑
k=1
nk
( ∫
νk
dt1∫
νk
dt2
)
: nk ∈ Z},
is the lattie assoiated to the period matrix
Λ =
( ∫
ν1
dt1
∫
ν2
dt1
∫
ν4
dt1
∫
ν4
dt1∫
ν1
dt2
∫
ν2
dt2
∫
ν3
dt2
∫
ν4
dt2
)
,
where (ν1, ν2, ν3, ν4) is a basis of H1(M˜c,Z). By the Lefshetz theorem on
hyperplane setion [9℄, the map
H1(D,Z) −→ H1(M˜c,Z),
indued by the inlusion D →֒ M˜c is surjetive and onsequently we an nd
4 yles ν1, ν2, ν3, ν4 on the urve D suh that
Λ =
( ∫
ν1
ω1
∫
ν2
ω1
∫
ν4
ω1
∫
ν4
ω1∫
ν1
ω2
∫
ν2
ω2
∫
ν3
ω2
∫
ν4
ω2
)
,
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and
LΛ = {
4∑
k=1
nk
( ∫
νk
ω1∫
νk
ω2
)
: nk ∈ Z}.
The yles ν1, ν2, ν3, ν4 in D whih we look for are a1, b1, a2, b2 and they
generate H1(M˜c,Z) suh that
Λ =
( ∫
a1
ω1
∫
b1
ω1
∫
a2
ω1
∫
b2
ω1∫
a1
ω2
∫
b1
ω2
∫
a2
ω2
∫
b2
ω2
)
,
is a Riemann matrix. We show that Λ = Γ∗ ,i.e., the period matrix of
Prym∗(D/E) dual of Prym(D/E). Consequently M˜c and Prym
∗(D/E) are
two abelian varieties analytially isomorphi to the same omplex torus
C
2/LΛ. By Chow's theorem, M˜c and Prym
∗(D/E) are then algebraially
isomorphi.
3.3 The Kowalewski rigid body motion
The motion for the Kowalewski's top is governed by the equations
.
m = m ∧ λm+ γ ∧ l, (20)
.
γ = γ ∧ λm,
where m,γ and l denote respetively the angular momentum, the dire-
tional osine of the z-axis (xed in spae), the enter of gravity whih
after some resaling and normalization may be taken as l = (1, 0, 0) and
λm = (m1/2,m2/2,m3/2) . The system (20) an be written
.
m1 = m2m3,
.
m2 = −m1m3 + 2γ3,
.
m3 = −2γ2, (21)
.
γ1 = 2m3γ2 −m2γ3,
.
γ2 = m1γ3 − 2m3γ1,
.
γ3 = m2γ1 −m1γ2,
with onstants of motion
H1 =
1
2
(
m21 +m
2
2
)
+m23 + 2γ1 = c1,
H2 = m1γ1 +m2γ2 +m3γ3 = c2, (22)
H3 = γ
2
1 + γ
2
2 + γ
2
3 = c3 = 1,
H4 =
((
m1 + im2
2
)2
− (γ1 + iγ2)
)((
m1 − im2
2
)2
− (γ1 − iγ2)
)
= c4.
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The system (21) admits two distint families of Laurent series solutions :
m1 (t) =
{
α1
t
+ i
(
α21 − 2
)
α2 + ◦ (t) ,
α1
t
− i
(
α21 − 2
)
α2 + ◦ (t) ,
m2 (t) =
{
iα1
t
− α21α2 + ◦ (t) ,
−iα1
t
− α21α2 + ◦ (t) ,
m3 (t) =
{
i
t
+ α1α2 + ◦ (t) ,
−i
t
+ α1α2 + ◦ (t) ,
γ1 (t) =
{
1
2t2
+ ◦ (t) ,
1
2t2
+ ◦ (t) ,
γ2 (t) =
{
i
2t2
+ ◦ (t) ,
−i
2t2 + ◦ (t) ,
γ3 (t) =
{
α2
t
+ ◦ (t) ,
α2
t
+ ◦ (t) ,
whih depend on 5 free parameters α1, ..., α5. By substituting these series in
the onstants of the motion Hi (22), one eliminates three parameters linearly,
leading to algebrai relation between the two remaining parameters, whih
is nothing but the equation of the divisor D along whih the mi, γi blow up.
Sine the system (21) admits two families of Laurent solutions, then D is a
set of two isomorphi urves of genus 3, D = D1 +D−1 :
Dε : P (α1, α2) =
(
α21 − 1
) ((
α21 − 1
)
α22 − P (α2)
)
+ c4 = 0, (23)
where
P (α2) = c1α
2
2 − 2εc2α2 − 1,
and ε = ±1. Eah of the urve Dε is a 2 − 1 ramied over (α1, α2, β) of
ellipti urves D0ε :
D0ε : β
2 = P 2 (α2)− 4c4α
4
2, (24)
ramied at the 4 points α1 = 0 overing the 4 roots of P (α2) = 0. It
was shown by the author [14] that eah divisor Dε is ample and denes a
polarization (1, 2) , whereas the divisorD, of geometri genus 9, is very ample
and denes a polarization (2, 4) , aordind to (8). The ane surfae
Mc =
4⋂
i=1
{Hi = ci} ⊂ C
6,
dened by putting the four invariants (22) of the Kowalewski ow (21) equal
to generi onstants, is the ane part of an abelian surfae M˜c with
M˜c \ Mc = D = one genus 9 urve onsisting of two genus 3
urves Dε (23) interseting in 4 points. Eah
Dε is a double over of an ellipti urve D
0
ε (24)
ramied at 4 points.
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Moreover, the Hamiltonian ows generated by the vetor elds XH1 and XH4
are straight lines on M˜c. The 8 funtions
1, f1 = m1, f2 = m2, f3 = m3, f4 = γ3, f5 = f
2
1 + f
2
2 ,
f6 = 4f1f4 − f3f5, f7 = (f2γ1 − f1γ2) f3 + 2f4γ2,
form a basis of the vetor spae of meromorphi funtions on M˜c with at
worst a simple pole along D Moreover, the map
M˜c ≃ C
2/Lattice→ CP7 , (t1, t2) 7→ [(1, f1 (t1, t2) , ..., f7 (t1, t2))] ,
is an embedding of M˜c into CP
7. Following the method (subsetion 3.1), we
obtain the following theorem :
Theorem 3 The tori M˜c an be identied as
M˜c = Prym
∗(Dε/D
0
ε),
i.e., dual of Prym(Dε/D
0
ε) and the problem linearizes on this Prym variety.
3.4 Kirhho's equations of motion of a solid in an ideal uid
The Kirhho's equations of motion of a solid in an ideal uid have the form
p˙1 = p2
∂H
∂l3
− p3
∂H
∂l2
,
p˙2 = p3
∂H
∂l1
− p1
∂H
∂l3
,
p˙3 = p1
∂H
∂l2
− p2
∂H
∂l1
, (25)
l˙1 = p2
∂H
∂p3
− p3
∂H
∂p2
+ l2
∂H
∂l3
− l3
∂H
∂l2
,
l˙2 = p3
∂H
∂p1
− p1
∂H
∂p3
+ l3
∂H
∂l1
− l1
∂H
∂l3
,
l˙3 = p1
∂H
∂p2
− p2
∂H
∂p1
+ l1
∂H
∂l2
− l2
∂H
∂l1
,
where (p1, p2, p3) is the veloity of a point xed relatively to the solid,
(l1, l2, l3) the angular veloity of the body expressed with regard to a frame
of referene also xed relatively to the solid and H is the hamiltonian.
These equations an be regarded as the equations of the geodesis of the
right-invariant metri on the group E (3) = SO (3) × R3 of motions of 3-
dimensional eulidean spae R
3, generated by rotations and translations.
Hene the motion has the trivial oadjoint orbit invariants 〈p, p〉 and 〈p, l〉.
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As it turns out, this is a speial ase of a more general system of equations
written as
x˙ = x ∧
∂H
∂x
+ y ∧
∂H
∂y
,
y˙ = y ∧
∂H
∂x
+ x ∧
∂H
∂y
,
where x = (x1, x2, x3) ∈ R
3
et y = (y1, y2, y3) ∈ R
3. The rst set an be
obtained from the seond by putting (x, y) = (l, p/ε) and letting ε → 0.
The latter set of equations is the geodesi ow on SO(4) for a left invariant
metri dened by the quadrati form H. In Clebsh's ase, equations (25)
have the four invariants :
H1 = H =
1
2
(
a1p
2
1 + a2p
2
2 + a3p
2
3 + b1l
2
1 + b2l
2
2 + b3l
2
3
)
,
H2 = p
2
1 + p
2
2 + p
2
3, (26)
H3 = p1l1 + p2l2 + p3l3,
H4 =
1
2
(
b1p
2
1 + b2p
2
2 + b3p
2
3 + ̺
(
l21 + l
2
2 + l
2
3
))
,
with
a2 − a3
b1
+
a3 − a1
b2
+
a1 − a2
b3
= 0,
and the onstant ̺ satises the onditions
̺ =
b1 (b2 − b3)
a2 − a3
=
b2 (b3 − b1)
a3 − a1
=
b3 (b1 − b2)
a1 − a2
.
The system (25) an be written in the form (11) with m = 6; to be preise
x˙ = f (x) ≡ J
∂H
∂x
, x = (p1, p2, p3, l1, l2, l3)
⊺, (27)
where
J =
(
O P
P L
)
,
P =
 0 −p3 p2p3 0 −p1
−p2 p1 0
 ,
L =
 0 −l3 l2l3 0 −l1
−l2 p1 0
 .
Consider points at innity whih are limit points of trajetories of the ow.
In fat, there is a Laurent deomposition of suh asymptoti solutions,
x (t) = t−1
(
x(0) + x(1)t+ x(2)t2 + ...
)
, (28)
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whih depend on dim(phase space)−1 = 5 free parameters. Putting (28) into
(27), solving indutively for the x(k), one nds at the 0th step a non-linear
equation,
x(0) + f(x(0)) = 0,
and at the kth step, a linear system of equations,
(L− kI)x(k) =
{
0 for k = 1
quadrati polynomial in x(1), ..., x(k) for k ≥ 1,
where L denotes the jaobian map of the non-linear equation above. One
parameter appear at the 0th step, i.e., in the resolution of the non-linear
equation and the 4 remaining ones at the kth step, k = 1, ..., 4. Taking into
aount only solutions trajetories lying on the invariant surfae
Mc =
4⋂
i=1
{Hi (x) = ci} ⊂ C
6,
we obtain one-parameter families whih are parameterized by a urve. To be
preise we searh for the set of Laurent solutions whih remain onned to
a xed ane invariant surfae, related to spei values of c1, c2, c3, c4, i.e.,
D =
4⋂
i=1
{
t0 − oeient of Hi (x (t)) = ci
}
,
= an algebrai urve dened by
θ2 + c1β
2γ2 + c2α
2γ2 + c3α
2β2 + c4αβγ = 0, (29)
where θ is an arbitrary parameter and where
α = x
(0)
4 , β = x
(0)
5 , γ = x
(0)
6 ,
parameterizes the ellipti urve
E : β2 = d21α
2 − 1, γ2 = d22α
2 + 1, (30)
with d1, d2 suh that:
d21 + d
2
2 + 1 = 0.
The urve D is a 2-sheeted ramied overing of the ellipti urve E . The
branh points are dened by the 16 zeroes of c1β
2γ2+c2α
2γ2+c3α
2β2+c4αβγ
on E . The urve D is unramied at innity and by Hurwitz's formula, the
genus of D is 9. Upon putting ζ ≡ α2, the urve D an also be seen as a
4−sheeted unramied overing of the following urve of genus 3 :
C :
(
θ2 + c1β
2γ2 +
(
c2γ
2 + c3β
2
)
ζ
)2
− c24ζβ
2γ2 = 0.
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Moreover, the map
τ : C −→ C, (θ, ζ) 7−→ (−θ, ζ),
is an involution on C and the quotient C0 = C/τ is an ellipti urve dened
by
C0 : η
2 = c24ζ
(
d21d
2
2ζ
2 +
(
d21 − d
2
2
)
ζ − 1
)
.
The urve C is a double ramied overing of C0,
C −→ C0, (θ, η, ζ) 7−→ (η, ζ),
C :
{
θ2 = −c1β
2γ2 −
(
c2γ
2 + c3β
2
)
ζ + η
η2 = c24ζ
(
d21d
2
2ζ
2 +
(
d21 − d
2
2
)
ζ − 1
)
.
Let (a1, a2, a3, b1, b2, b3) be a anonial homology basis of C suh that
τ (a1) = a3, τ (b1) = b3, τ (a2) = −a2, τ (b2) = −b2,
for the involution τ. Using the Poinaré residu map [9℄, we show that
ω0 =
dζ
η
, ω1 =
ζdζ
θη
, ω2 =
dζ
θη
,
form a basis of holomorphi dierentials on C and
τ∗ (ω0) = ω0, τ
∗ (ωk) = −ωk, (k = 1, 2) .
Haine [10℄ shows that the ow evolues on an abelian surfae M˜c ⊆ CP
7
of
period matrix
(
2 0 a c
0 4 c b
)
, Im
(
a c
c b
)
> 0 and also identied M˜c as
Prym variety Prym(C/C0).
Theorem 4 The abelian surfae M˜c an be identied as Prym(C/C0). More
preisely
4⋂
i=1
{
x ∈ C6,Hi (x) = ci
}
= Prym(C/C0)\D,
where D is a genus 9 urve (29), whih is a ramied over of an ellipti
urve E (30) with 16 branh points.
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